Abstract. We use the Bass-Jiang group for automorphism-induced HNN-extensions to build a framework for the construction of tractable groups with pathological outer automorphism groups. We give sample applications of this framework, including to a strong form of a question of Bumagin-Wise on the outer automorphism groups of finitely presented, residually finite groups.
Introduction
This paper builds a framework for the construction of tractable groups with pathological outer automorphism groups. The framework is built around the Bass-Jiang group for automorphism-induced HNNextensions.
Main results. Automorphism-induced HNN-extensions, defined below, are a class of tractable HNN-extensions; by "tractable" we mean that they are an easy class of groups to work with and possess nicer properties than general HNN-extensions. The Bass-Jiang group of an HNN-extension G, defined in Section 2, is a subgroup of Out(G) which arises naturally in the context of Bass-Serre theory. Our first main result, Theorem A, gives sufficient conditions for the Bass-Jiang group of an automorphism-induced HNN-extension to be the full outer automorphism group. Theorems B and C then give short exact sequence descriptions of the Bass-Jiang group of such an HNN-extension. These theorems combine to give the aforementioned framework.
Applications. Matumoto proved that every group Q can be realised as the outer automorphism group of some group G Q [Mat89] Question 1 (Bumagin-Wise). Can every countable group Q be realised as the outer automorphism group of a finitely generated, residually finite group G Q ? Automorphism-induced HNN-extensions. Let H be a group and let η : K → K ′ be an isomorphism of subgroups of H. An HNN-extension of H over η is a group with relative presentation G = H, t; tkt −1 = η(k), k ∈ K . We write G = H * (K,K ′ ,η) . These are an important and well-studied class of groups arising naturally in, for example, the Seifert-van Kampen Theorem and Bass-Serre theory.
An automorphism-induced HNN-extension is an HNN-extension with relative presentation G = H, t; tkt −1 = φ(k), k ∈ K where φ ∈ Aut(H) and K H; 1 the isomorphism of associated subgroups is induced by the automorphism φ. We write G = H * (K,φ) . Throughout this paper we use the letters G, H, K and φ as above.
In a general HNN-extension the form of the embeddings of the two associated subgroups K and K ′ may be completely different. For example, K may be normal while K ′ is malnormal. In contrast, in an automorphism-induced HNN-extension the form of the embeddings of K and K ′ = φ(K) are necessarily the same (both normal, both malnormal, and so on), and in practice the image group φ(K) may be disregarded. We exploit this fact throughout this paper. In particular, Theorems B and C do not mention the image group φ(K).
The Baumslag-Solitar groups BS(m, n) = a, t; ta m t = a n are the HNN-extensions of the infinite cyclic group. These provide standard examples of HNN-extensions with pathological properties. For example, Baumslag-Solitar groups can be non-Hopfian (and so not residually finite) [BS62] and they can have non-finitely generated outer automorphism group [CL83] . However, automorphism-induced BaumslagSolitar groups have |m| = |n|, so are residually finite [Mes72] and have virtually cyclic outer automorphism group [GHMR00] .
Therefore, automorphism-induced HNN-extensions are more tractable and in certain cases have nicer properties than general HNN-extensions. Gently increasing the complexity of the base group H maintains the tractability of automorphism-induced HNN-extensions but can allow for pathological properties; see Section 6.
Notation. We write h g := g −1 hg and we write γ g for the inner automorphism defined by γ g (h) = g −1 hg for all h ∈ G. These contrast with the notation tkt −1 = φ(k) used here for HNN-extensions because it makes certain proofs more readable.
The Bass-Jiang group. Informally, the Bass-Jiang group Out H (G) of an HNN-extension G = H * (K,K ′ ,η) is the maximal subgroup of Out(G) which preserves the action of G on the Bass-Serre tree Γ; see Section 2 for the formal definition. This definition can be extended to define the Bass-Jiang group Out Γ (G Γ ) for the fundamental group G Γ of a graph of groups Γ. Bass-Jiang described this group Out Γ (G Γ ) [BJ96] . Levitt described a group related to Out Γ (G Γ ) in his investigation of Out(G) for G a one-ended hyperbolic group [Lev05] . Gilbert-HowieMetaftsis-Raptis gave conditions implying Out
Related to the Bass-Jiang group of an HNN-extension
Informally, this is the maximal subgroup of Out(G) which preserves the action of G on the vertices of the BassSerre tree Γ; again, see Section 2 for the formal definition. Note that
M. Pettet gave conditions implying that the Bass-Jiang group is the full Pettet group [Pet99, Theorem 1].
The Bass-Jiang group versus Out(G). Our first main result, Theorem A, gives conditions implying that the Bass-Jiang group is the full outer automorphism group, mirroring the aforementioned result of Gilbert-Howie-Metaftsis-Raptis. We require two definitions: A subgroup K of a group H is conjugacy maximal if there does not exist any a ∈ H such that K K a . A group H has Serre's property FA if every action of H on any tree has a global fixed point. For H finitely generated, Serre's property FA is equivalent to not mapping onto the infinite cyclic group and not splitting non-trivially as an HNN-extension or free product with amalgamation [Ser80]. 
(1) K is conjugacy maximal in H; (2) φ(K) = γ a (K) for some a ∈ H; or (3) There does not exist any b ∈ H such that φ(K) γ b (K) and there does not exist any c ∈ H such that γ c (K) φ(K).
Therefore, if H has Serre's property FA and if one of Conditions (1)-(3) holds then the Bass-Jiang group is equal to the full outer automorphism group, Out H (G) = Out(G).
Note that Theorem A obtains Out H (G) = Out(G) in two disjoint steps; it proves that Out H (G) = Out(G) and separately that Out H (G) = Out H (G). M. Pettet proved a similar result to Theorem A involving Conditions (1) and (2) [Pet99, Theorem 1], but he does not obtain these disjoint steps due to his more general setting.
We also note that Condition (3) actually implies Condition (2); this is Lemma 3.3. We state them separately as in practice it may be easier to verify Condition (3) rather than Condition (2). Indeed, this is the case in our proof of Theorem 6.3.
Baumslag-Tretkoff gave conditions implying an HNN-extension is residually finite [BT78] . Their result has found applications in a wide variety of settings, for example in one-relator groups [AT81] , profinite groups [Cha94] , K-theory [Rou15] , and graph theory [Big89] . Condition (2) of Theorem A is implied by Baumslag-Tretkoff's conditions for G = H * (K,φ) automorphism-induced; see the discussion before Lemma 3.7. Lemma 3.6 proves that a strengthened form of BaumslagTretkoff's conditions imply that Out H (G) = Out
Describing the Bass-Jiang group. Our second main result, Theorem B, gives a description of the Bass-Jiang group Out H (G) for G = H * (K,φ) . A related theorem, Theorem C, assumes that Z(H) ≤ Fix(φ). This condition allows for a simpler description the Bass-Jiang group. For functions ρ and σ we write ρσ(x) := σ(ρ(x)). We define A K as:
and this is a subgroup of Aut(H).
Then L is a normal subgroup of C H (K) and we have a diagram of exact sequences:
Bass-Jiang described the analogous subgroup for fundamental groups of graphs of groups [BJ96] . Our restriction to automorphism-induced HNN-extensions allows for a different, simpler description. In particular, the analogous description of Bass- 
The hypotheses of Theorem C are those of Theorem B with the additional assumption that Z(H) ≤ Fix(φ). Here the vertical exact sequence from Theorem B splits. Theorem C does not immediately follow from Theorem B.
Theorem C. Let G be as in Theorem B, and additionally assume Z(H) ≤ Fix(φ). We have a short exact sequence:
where the conditions for the index
The framework. We now explain how to combine our results into a framework for the construction of tractable groups with pathological outer automorphism groups. In this framework the pathological properties of Out(G), where G = H * (K,φ) , are inherited from the normaliserquotient N H (K)/K. Proposition 5.3 notes that this quotient embeds into Aut(G), and hence can force G to be non-residually-finite [Bau63] . Theorem C shows that if Z(H) ≤ K then N H (K)/K also embeds into Out(G), and Lemma 5.2 gives a finite-index version of this embedding when Z(H) ≤ K. Thus the properties of N H (K)/K are in a certain sense bestowed upon G. The method for applying the framework is as follows:
(1) Obtain K < H such that N H (K)/K has the required properties, e.g. is a stipulated group, is non-residually finite, etc. (2) Apply Theorems B or C, or Lemma 5.2 to obtain a descriptions of Out H (G) in terms of N H (K)/K, (3) Apply Theorem A to obtain Out H (G) = Out(G), and so obtain a descriptions of Out(G) in terms of N H (K)/K, (4) Apply Lemma 5.4 to obtain Aut H (G) = Inn(G) ⋊ Out(G), and so obtain a descriptions of Aut(G) in terms of N H (K)/K. Note that if H is infinite cyclic (and hence G is a Baumslag-Solitar group) then N H (K)/K is cyclic, and so bestows no pathological properties upon G.
Application to finitely presented groups. In Section 6 we give applications of the framework described above to the construction of "wild" automorphism-induced HNN-extensions G = H * (K,φ) where the base group H is well-behaved. In particular, we prove Theorem D which relates to a strong form of Question 1 where the group G Q is taken to be finitely presented rather than finitely generated. Almost nothing is known in general about the outer automorphism groups of finitely presented, residually finite groups. In Theorem D the groups Q are finitely presented groups with Serre's property FA. Examples of such groups are SL 3 (Z) [Ser74] The proof of Theorem D combines the framework described above with a version of Rips' construction due to Belegradek-Osin [BO08] . Note that Rips' construction is usually applied to obtain finitely generated, non-finitely presentable groups with pathological properties; our application to finitely presented groups is unusual.
Outline of the paper. In Section 2 we formally define the BassJiang group and the Pettet group for automorphism-induced HNNextensions. In Section 3 we prove Theorem A. In Section 4 we prove Theorem B. In Section 5 we prove results relating the structure of the Bass-Jiang group of G = H * (K,φ) to commutativity in the base group H, and in particular we prove Theorem C. In Section 6 we prove Theorem D and we state other applications of the framework.
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The Bass-Jiang group
The underlying goal of this paper is to analyse the Bass-Jiang group for automorphism induced HNN-extensions. The framework described in the introduction applies this analysis. Therefore, in this section we define the Bass-Jiang group Out H (G) of an HNN-extension G = H * (K,K ′ ,η) . We also define the Pettet group Out H (G), which is applied in Theorem A. The Pettet group lies between the Bass-Jiang group and the full outer automorphism group, Out
. Note that these groups may be defined for graphs of groups in general [BJ96] [Pet99], but for brevity we only define them for HNN-extensions.
Bass-Serre theory. The definitions in this section and the proofs in Section 3 apply Bass-Serre theory. All relevant definitions and notation are taken from Serre's book [Ser80]. If G = H * (K,K ′ ,η) then G acts in a standard way on a tree Γ, called the Bass-Serre tree of G. Vertexstabilisers G v of Γ are precisely the conjugates of the base group H, so G v = H g for some g ∈ G, while edge-stabilisers G e are precisely the conjugates of the associated group K, so G e = K g for some g ∈ G. For vertices v, w ∈ V Γ we write [v, w] for the geodesic connecting v and w, and we define the length of [v, w] , denoted |[v, w]|, to be the number of (positive) edges in [v, w] .
is the subgroup of Out(G) consisting of those ψ ∈ Out(G) which have a representative ψ such that ψ(H) = H and ψ(t) = gt ǫ for some g ∈ H, ǫ = ±1. It is helpful to have a geometric view of the Pettet group: If Aut H (G) is the full pre-image of Out
H (G) acts on the Bass-Serre Γ of G such that the diagram in Figure 1 commutes. Two examples. We now give two examples which demonstrate that, in general, Out H (G) Out H (G) and Out H (G) Out(G). Our first example is due to Collins-Levin [CL83] and Levitt [Lev07] . Consider the HNN-extension BS(2, 4) = a, t; t −1 a 2 t = a 4 , with base group H 1 = a . The map ψ 1 : a → a, t → t −1 a 2 ta −2 t is an automorphism of G 1 , and clearly ψ 1 ∈ Out H (G). However, ψ 1 ∈ Out H 1 (G 1 ) and so Out H 1 (G 1 ) Out H 1 (G 1 ). We shall write F (x, y) for the free group with free basis {x, y}. Consider the automorphism-induced HNN-extension G 2 = a, b, t; a t = b , with base group H 2 = F (a, b). Clearly G 2 = F (a, t), and hence the map ψ 2 : a → at, t → at 2 is an automorphism of G 2 . However, ψ 2 ∈ Out H 2 (G 2 ) as at is not conjugate to any power of a in F (a, t), so Out
Proof of Theorem A
The Bass-Jiang group Out H (G) is most of interest when it is the full outer automorphism group Out(G), so Out H (G) = Out(G). In this section we prove Theorem A from the introduction. This theorem gives conditions which imply Out H (G) = Out(G). To prove these conditions we use the Pettet group Out H (G), as defined in Section 2. Throughout the remainder of this paper we assume all HNN-extensions are automorphism-induced, so G = H * (K,φ) , unless we explicitly state otherwise. We emphasize that this assumption is necessary for our results; this is most striking in Lemma 3.2, which is a crucial step in our main technical result, Lemma 3.3.
Lemma 3.1 gives a condition implying Out H (G) = Out(G). Lemma 3.4 gives conditions implying Out H (G) = Out H (G). These lemmas combine to prove Theorem A. The conditions of Lemma 3.4 are related to conditions of Baumslag-Tretkoff regarding residually finite HNNextensions; this relationship is discussed below.
Conditions implying Out
H (G) = Out(G). Lemma 3.1 now proves that for G = H * (K,φ) , if H has Serre's property FA then the Pettet group is equal to the full outer automorphism group. We then have Out H (G) ≤ Out H (G) = Out(G). We note the similarity between Lemma 3.1 and a comment of Pettet [Pet99, Introduction] . The principal difference is that Pettet is additionally assuming conditions implying Out H (G) = Out H (G); we require no such preliminary assumptions. The proof of Lemma 3.1 shows that under the conditions of the lemma the base group H is always conjugacy maximal in G = H * (K,φ) . The proof of Lemma 3.1 may be written purely algebraically; we have used Bass-Serre theory so as to be similar to the other proofs on Section 3. Recall that K = H in an automorphism-induced HNN-extension.
Proof. We prove that if ψ ∈ Aut(G) then ψ(H) = H g , where g ∈ G, which is sufficient. So, let ψ ∈ Aut(G) and consider the action of ψ(H) on the Bass-Serre tree Γ of G. As H has Serre's property FA, ψ(H) stabilises some vertex of Γ. Hence, ψ(H) ≤ H g 1 with g 1 ∈ G. Similarly, ψ −1 (H) ≤ H g 2 with g 2 ∈ G, and so H g 3 ≤ ψ(H) with g 3 ∈ G. Suppose that ψ(H) H g 1 and we shall find a contradiction. By the above, H g 3 H g 1 . Now, there exist vertices u, w ∈ V Γ such that 
Conditions implying Out H (G) = Out
H (G). We now work towards proving Lemma 3.4, which gives sufficient conditions for the Bass-Jiang group to be equal to the Pettet group of G = H * (K,φ) . We then have Out H (G) = Out H (G) ≤ Out(G). We then discuss how close Lemma 3.4 is to being necessary as well as sufficient, and we relate conditions of Baumslag-Tretkoff on residually finite HNN-extensions to Lemma 3.4.
Conjugacy. We begin our proof of Lemma 3.4 with Lemma 3.2, which describes conjugacy in automorphism-induced HNN-extensions. A word U in an HNN-extension G = H * (K,K ′ ,η) is a product of the form
For words U and V we write U ≡ V if U and V are exactly the same word, and we say U is t-reduced if it contains no subwords of the form tkt
Every element of an HNN-extension has a representative word which is t-reduced, by Britton's Lemma [LS77, Section IV.2].
Note that i and a are dependent on g, not on b and c.
Proof. Let g ∈ G be arbitrary. Let u, w ∈ V Γ be the vertices of the Bass-Serre tree Γ of G such that G u = H and G w = H g . Let W be a t-reduced word in H * (K,φ) representing g. 
as required, where i = j − ǫ n and a = φ −ǫn (a n−1 d n−1 )d n .
Condition (3) of Lemma 3.4. We now prove Lemma 3.3, which corresponds to Condition (3) from Lemma 3.4 (and Condition (3) from Theorem A).
Additionally, suppose that there does not exist any
. Note also that the first edge e 1 in this geodesic has stabiliser an Hconjugate either of K or of φ(K), and without loss of generality we can assume G e 1 is either K or φ(K).
There exists a positive edge e j in the geodesic
Recall that [u, w] contains more than one edge. Let f ∈ [u, w] be adjacent to e j . Then G f = G a 1 t ǫ a 2 e j for some a 1 , a 2 ∈ H, ǫ = ±1, so
Noting that φ i γ a 0 (K) ≤ H, we therefore have that every element of φ i γ a 0 (K) is equal to an element of the form (a 1 t ǫ a 2 ) −1 φ i γ a 0 (k)a 1 t ǫ a 2 , k ∈ K, and hence of the form φ i−ǫ γ a 3 (k), with i, ǫ, a 3 fixed. Hence,
, and so γ a 4 (K) ≤ φ −ǫ (K). By the assumptions of the lemma γ a (K) = φ(K), as required, where a = a 4 if ǫ = −1 or a = φ(a 4 ) −1 if ǫ = 1.
Proof of Lemma 3.4. Lemma 3.4 combines Lemma 3.3 with results of Pettet. Recall from the introduction that although Condition (3) of Lemma 3.4 implies Condition (2), we state them separately as in practice it may be easier to prove Condition (3) holds rather than Condition (2). For a concrete application of Condition (3), see the discussion before Lemma 3.7.
Lemma 3.4. Let G = H * (K,φ) . Suppose that one of the following holds: (1) K is conjugacy maximal in H;
(2) φ(K) = γ a (K) for some a ∈ H; or (3) There does not exist any b ∈ H such that φ(K) γ b (K) and there does not exist any c ∈ H such that γ c (K) φ(K).
Proof. If (3) holds then (2) holds, by Lemma 3.3. The result then follows from results of Pettet [Pet99, Lemma 2.6 and Theorem 1].
Proof of Theorem A. Theorem A follows immediately from Lemmas 3.1 and 3.4.
A result implying Out H (G) Out H (G). We do not know if the conditions of Lemma 3.4 are both necessary and sufficient for Out H (G) = Out H (G) to hold, and reading closely the proof of Lemma 3.3 one might suspect that they are. Lemma 3.5 now demonstrates how close the conditions of Lemma 3.4 are to being necessary and sufficient.
Lemma 3.5 demonstrates this by proving that if Conditions (1) and (3) of Lemma 3.4 fail "compatibly" with one another then Out H (G) Out H (G). Note that these two conditions fail for G = H * (K,φ) if and only if, after replacing φ with φ −1 if necessary, there exists some a, b ∈ H such that γ a (K) K φγ b (K). The "compatibility" we require is that we can take a ∈ φγ b (K).
Proof. By replacing φ with φγ b , we may assume b = 1. Note that a ∈ K as γ a (K) < K, and so the word t 2 at −1 φ(a) −1 is t-reduced. We prove that the map
is an automorphism of G; then ψ ∈ Aut H (G) \ Aut H (G) and the result follows. Now, φ(a) −1 kφ(a) ∈ φ(K) so ψ : G → G is a homomorphism. To see that ψ is a surjection we prove that t ∈ im(ψ). Begin with the following, where
We then have that:
Therefore, ψ is surjective. It is injective because it is invertible, with inverse ψ −1 : h → h for all h ∈ H, t → tφ(a)ta
Baumslag-Tretkoff HNN-extensions. In the opposite direction to the above, one potential way to prove that the conditions of Lemma 3.4 are not necessary is to provide different conditions which also prove that Out H (G) = Out H (G). We now prove Lemma 3.6, which provides conditions for Out H (G) = Out H (G) to hold in a general HNNextension G = H * (K,K ′ ,η) . Lemma 3.7 is essentially Lemma 3.6 for G an automorphism-induced HNN-extension. The conditions of this lemma have a very different flavour from those of Lemma 3.4. However, as we explain below, if G is an automorphism-induced HNN-extension then Lemma 3.7 follows from Lemma 3.4 (and so these "different" conditions do not prove that the conditions of Lemma 3.4 are not necessary).
Baumslag-Tretkoff gave conditions for general HNN-extensions G = H * (K,K ′ ,η) to be residually finite [BT78] , and the conditions of Lemmas 3.6 are a strong form of these residual finiteness conditions. A subgroup N ≤ H is characteristic if ψ(N) = N for all ψ ∈ Aut(H).
Lemma 3.6. Let G = H, t; tkt −1 = η(k), k ∈ K where η : K → K ′ is an isomorphism of subgroups of H, and let H be finitely generated and residually finite. Suppose that for any positive integer n and elements
Proof. Note that η induces an isomorphism η * of KN/N onto K ′ N/N. We write G = H/N, t; t(kN)t 
The only difference between the conditions of Lemma 3.6 and those of Baumslag-Tretkoff is that we require the finite-index subgroup N to be characteristic rather than normal. Suppose we instead assume that H is finitely generated. Then there exists a characteristic subgroup N ≤ f N which satisfies the first condition. However, it is not clear that N is such that η(K ∩ N) ≤ N .
The conditions of Lemma 3.6 reduce nicely for automorphism-induced HNN-extensions [BT78, Lemma 4.4]. Lemma 3.7 then follows. Indeed, Lemma 3.7 has equivalent hypotheses to Baumslag-Tretkoff's Lemma 4.4. By combining Lemma 3.3 with a result of Shirvani [Shi85,  Lemma 3], we see that the conditions of Lemma 3.7 imply Condition (2) of Lemma 3.4. We therefore have two disjoint proofs of Lemma 3.7.
Lemma 3.7. Let G = H * (K,φ) , and let H be finitely generated and residually finite. Suppose that if h ∈ K then there exists a normal sub-
Lemma 3.7 gives a concrete method of proving that the conditions of Baumslag-Tretkoff do not hold for G = H * (K,φ) : if there exists some ψ ∈ Aut
) then Baumslag-Tretkoff have not shown that G is residually finite. Note that Lemma 3.5 provides a way of proving this inequality.
Proof of Theorem B
In this section we prove Theorem B from the introduction. This theorem gives a short-exact sequence description of the Bass-Jiang group of G = H * (K,φ) . Combined with Theorem A, it allow for a description of Out(G).
Bass-Jiang gave a decomposition of the group Out H (G) for G a general HNN-extension [BJ96] . However, their description contains both of the associated subgroups K and φ(K), while our description only contains K. The difference is in the description of the kernel Out H (G) is formally defined below). Specifically, they find some N Out
is different from the decomposition in Theorem B. Our simpler description of Out 
is an automorphism of G. Moreover, every element ψ of Out H (G) has a representative in Aut H (G) of the form α (δ,a) or of the form β (ζ,b) .
The second result of Bass-Jiang which we apply requires certain definitions. The restrictions on a and b in the second, equivalent definition of Out
The subgroup Out 0 H (G) clearly has index two if there exists some automorphism β (ζ,b) of G, and index one otherwise. The subgroup Out 
The subgroup Out H (G). To give this description we investigate the subgroup C K :
Lemmas 4.4 and 4.5 combine to prove Theorem B. These lemmas both apply the following technical result.
Lemma 4.3. Let G = H * (K,φ) , and let g ∈ G and x, y ∈ H. Suppose that both of the following hold.
Proof. Begin by writing g as a t-reduced word zW , where z ∈ H and W is either empty or begins with t ±1 . Assume that W is non-empty. Now, (2) has the form W −1 z −1 hzW = x −1 hx. As K H, h can be chosen such that the word W −1 z −1 hzW is t-reduced (z −1 hz not in K or φ(K) as appropriate), a contradiction by Britton's Lemma [LS77, Section IV.2]. Hence, W is empty. So g = z ∈ H. It then follows from (1) that g ∈ K, as required.
Our proofs of Lemmas 4.4 and 4.5, and of certain proofs in Section 5, require calculations with automorphisms of the form α (δ,a) . We note the following identities:
Certain calculations are written in terms of cosets α (δ,a) , but these follow immediately from the above two identities.
Lemma 4.4. The map
is a well-defined surjective homomorphism with kernel C K .
Proof. Suppose the map χ 2 is well-defined. Note that for all b ∈ N H (K), the pair (γ b , b −1 φ(b)) defines the automorphism α (γ b ,b −1 φ(b)) by Theorem 4.1, and so χ 2 is surjective. As α (γ b 1 ,a 1 ) α (γ b 2 ,a 2 ) = α (γ b 1 b 2 ,a 3 ) for some a 3 ∈ H, we have that χ 2 is also a homomorphism. Now,
To see that the map χ 2 is well-defined, suppose α (γ b 1 ,a 1 ) = α (γ b 2 ,a 2 ) and it is sufficient to prove that b
for some g ∈ G and a 3 ∈ H. Therefore, the conditions of Lemma 4.3 hold for the two underlying identities (where x := b 1 b 2 for all h ∈ H, and so b
H (G), and Out
So by Lemma 4.4 we just need C K ∩ N K = 1 to obtain a semidirect product in the statement of Theorem B. This possible splitting of the map χ 2 is discussed in Section 5.
Proof. We prove that
; the result then follows. To begin, note that α (1,a 1 ) α (1,a 2 ) = α (1,a 1 a 2 ) , and so C K is a homomorphic image of C H (φ(K)). We therefore prove that α (1,a) ∈ Inn(G) if and only if a ∈ φ(L).
On the other hand, suppose α (1,a) ∈ Inn(G). To see that a ∈ φ(L), note that the conditions of Lemma 4.3 hold (where x = 1, y = a, and in the following we take k := g −1 ). Therefore, we have that k −1 hk = h for all h ∈ H and that k −1 tk = at, where k ∈ K. The first identity implies k ∈ Z(H) (and so k ∈ Z(H) ∩ K), while the second implies
Proof of Theorem B. We can now prove Theorem B.
Proof of Theorem B. By Theorem 4.2, it is sufficient to prove that Out 
Proof of Theorem C
The reader might feel cheated that the decomposition of Out 
H (G). However, elements of the form α (γc,c −1 φ(c)) where c ∈ Z(H) are contained in both subgroups, so the decomposition of Out
does not split in general. In this section we prove Theorem C from the introduction, which assumes that Z(H) ≤ Fix(φ); here the decomposition of Out (V ) H (G) does split over C K and N K . We also prove related results which assume commutativity conditions in H.
Proof of Theorem C. We begin by "reversing" the map χ 2 from Lemma 4.4, which allows us to determine if χ 2 splits.
Lemma 5.1. The map
is a homomorphism with kernel JK, where J = Z(H) ∩ Fix(φ).
, the map χ 2 is a homomorphism. Note that ker χ 2 ≥ JK as for b ∈ J, k ∈ K we have α (γ bk ,(bk) −1 φ(bk)) = γ k . To see that the ker χ 2 ≤ JK, suppose that α (γ b ,b −1 φ(b)) = γ g . Then the conditions of Lemma 4.3 hold for the two underlying identities (where x = b, y = 1), so k := g ∈ K. Hence,
We now prove Theorem C. The subgroup N K corresponds to the factor N H (K)/K, and the action of
Proof of Theorem C. As Z(H) ≤ Fix(φ), Lemma 5.1 implies that the map χ 2 from Lemma 4.4 splits. Theorem C then follows from Theorem B.
Virtually embedding N H (K)/K into Out(G). Lemma 5.2 applies Lemma 5.1 to obtain conditions implying a finite-index subgroup of N H (K)/K embeds into Out(G). This normaliser-quotient is the basis of the framework described in the introduction. Lemma 5.2 is fundamental to the proof of Theorem 6.1. The hypotheses of Lemma 5.2 occur when, for example, H is non-elementary hyperbolic, K V and V is torsion-free (that is, V contains no elements of finite order).
/JK (the maps are the canonical maps). It is sufficient to prove that if v ∈ V \ K then vK → JK under the second map. Suppose vK → JK and vK = K, then there exists some k ∈ K such that vk ∈ J. However, vk ∈ V and V ∩ J = 1 so v = k −1 ∈ K a contradiction. Hence, V /K embeds into Out 
which contains non-trivial inner automorphisms. We therefore consider the set Φ : 
Applications
The purpose of this paper is to build a framework for the construction of tractable groups with pathological outer automorphism groups. This framework is built in Sections 3, 4 and 5, and the introduction contains an explanation of how to apply this framework. The purpose of the current section is to give sample applications of this framework, and in particular we prove Theorem D from the introduction.
6.1. The outer automorphism groups of finitely presented, residually finite groups. Our first application of the aforementioned framework is Theorem D from the introduction. This theorem relates to a question of Bumagin-Wise, Question 1 from the introduction, and in particular it addresses a strengthened form of this question where the groups involved are finitely presented rather than finitely generated.
Proof of Theorem D. Suppose Q is finitely presented with Serre's property FA. Now, there exist torsion-free hyperbolic groups with Serre's property FA, and hence there exists a torsion-free hyperbolic group H with Serre's property FA, and with a finitely generated non-cyclic normal subgroup K such that H/K ∼ = Q [BO08]. Form G Q = H, t; k t = k, k ∈ K . Note that G Q is residually finite if Q is residually finite [Log16, Proposition 2.2].
Firstly note that Out H (G Q ) = Out(G Q ), which follows from Theorem A because K is normal so not conjugacy maximal, and because H has Serre's property FA. Secondly, note that N H (K)/K embeds with finite index into Out H (G Q ), which follows from Theorem B because C H (K) = 1 as H is torsion-free hyperbolic and K is non-cyclic, and because Out(H) is finite as H is hyperbolic with Serre's property FA [Lev05] .
Hence, Q ∼ = H/K = N H (K)/K ≤ f Out H (G Q ) = Out(G Q ) as required.
6.2. Applications to triangle groups. A hyperbolic triangle group is a group of the form T i,j,k := a, b; a i , b j , (ab) k , i −1 + j −1 + k −1 < 1. These are well-studied groups, and known to possess many "nice" properties, such as Serre's property FA, being hyperbolic, and being residually finite. We now state applications which prove that automorphisminduced HNN-extensions of a fixed hyperbolic triangle group can be "wild".
Theorem 6.1 answers a finite-index version of Question 1 for finitely generated, residually finite groups [Log16, Corollary 1.1]. The theorem also holds for H a hyperbolic group acting properly and cocompactly on a CAT(0) cube complex [Log16, Corollary 1.2].
Theorem 6.1. Fix H a hyperbolic triangle group H := T i,j,k . Then every finitely-generated group Q can be embedded as a finite index subgroup of the outer automorphism group of an HNN-extension G Q of H, where the constructed group G Q is residually finite if and only if Q is residually finite.
Theorem 6.1 implies the following result [Log16, Theorem B]. Before Theorem 6.2 it was unknown if any finitely generated, residually finite group had non-recursively-presentable outer automorphism group. By a continuum we mean a set of cardinality 2 ℵ 0 .
Theorem 6.2. There exists a continuum of finitely generated, residually finite groups whose outer automorphism groups are pairwise nonisomorphic finitely generated, non-recursively-presentable groups. 
